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hkl 2'0 2"c 
26,0,0 < 3.9 -- 0.2 
30,0,0 < 3.9 -- 1.6 
34,0,0 < 3.3 -- 0.6 
38,0,0 <2.2  +0 .3  
a_9,0,1 < 1.5 + 0 . l  
35,0,1 <3.1 --0.8 
29,0,1 < 3.9 -- 0.4 
25,0,1 < 3.9 + 2.3 
21,0,1 <3.5  +3 .3  
19,0,1 < 3.2 + 1.5 

9,0,1 <2.1 --5.1 
31,0,1 <3 .8  --0.9 
33,0,1 <3.3  --0.1 
35,0,1 < 3"0 + 0"4 
37,0,1 <2"3 +0"6 
3-'8,0,2 < 1"6 -- 0"4 
3"--6,0,2 < 2"2 -- 0"7 
28,0,2 < 3"9 + 1"3 
2-6,0,2 < 3"9 +2"1 
22,0,2 < 3.7 + 1"3 

802 <2.5  --6.1 
30,0,2 < 3.7 -- 0-3 

T a b l e  4. (cont.) 

Unobserved  reflexions 

h kl 2"0 2" c 
32,0,2 <3.5  +0 .3  
34,0,2 <3.1 +0 .6  
36,0,2 < 2.2 + 0.6 
3--5,0,3 < 2.2 -- 0.3 
3-1,0,3 < 3.0 + 0.7 
2-9,0,3 < 3.5 + 1.2 
2-7,0,3 < 3.8 + 1.3 
2--3,0,3 < 3.9 -- 0.2 
2_~__,0,3 < 3.8 -- 1.6 
17,0,3 <3.6  --3.3 
1_____,0,3 <3.3  --0.1 
11,0,3 <3.2  +3 .0  
13,0,3 <3 .4  +4 .3  
14,0,4 < 3.9 + 1.0 
18,0,4 < 3.9 -- 1.4 
17,0,5 < 3.9 + 1.3 
1-3,0,5 < 3.9 + 1.7 
11,0,5 <3-9 +1.5  

- -  

905 <3.9  +0.7  
705 < 3.9 -- 0.6 
505 < 3.9 -- 1.7 
305 < 3.9 -- 2.2 

hkl 2"0 2"c 
105 < 3.9 -- 1.9 
305 < 3.9 + 0.4 

11,0,5 <3.9  +0 .8  
13,0,5 <3.8  --0.1 
17,0,5 <3-6 --1-1 
18,0,6 <2-8 +0 .5  
1-6,0,6 < 3-0 + 0-8 
14,0,6 < 3.2 + 0.8 
1--2,0,6 < 3-3 + 0.4 
1--0,0,6 < 3.4 - 0.2 

606 <3.5  - 1 . 1  
406 < 3.5 -- 1-1 
206 <3-6 --0.6 
006 <3.6  +0-1 
206 < 3.5 + 0.7 
406 < 3-5 + 1.1 
606 < 3.4 + 1.0 

10,0,6 < 3.3 0 
12,0,6 <3-1 - 0 . 5  
14,0,6 < 2.9 -- 0.7 
16,0,6 <2.5  --0.7 
18,0,6 < 2.0 - 0.4 

hkl 2"0 2"c 
507 < 2"0 -- 0"4 
307 < 2"1 0 
107 <2"1 +0"3 
107 < 2'0 + 0"5 
507 < 1.8 + 0.4 
710 < 4  3 
910 < 4  1 

14,1,0 < 5 5 
22,1,0 < 5 4 
24,1,0 < 5  7 

920 < 4 8 
10,2,0 < 5 4 
12,2,0 < 5 9 
17,2,0 < 5 0 

330 < 5 6 
630 < 5 8 
730 < 5  1 
830 < 5 6 
930 < 5 9 

11,3,0 < 5 6 
12,3,0 < 5 0 

t h e  e a r l i e r  s t a g e s .  H e  is i n d e b t e d  a l so  t o  t h e  U n i v e r s i t y  
o f  G l a s g o w  fo r  a n  I . C . I .  R e s e a r c h  F e l l o w s h i p  in  t h e  
l a t e r  s t a g e s  of  t h e  a n a l y s i s ,  t o  P r o f .  J .  M. R o b e r t s o n  
fo r  h i s  i n t e r e s t ,  a n d  t o  t h e  S u p e r i n t e n d e n t  of  t h e  
M a t h e m a t i c s  D i v i s i o n  of  t h e  N a t i o n a l  P h y s i c a l  L a b o -  
r a t o r y  fo r  p e r m i s s i o n  t o  u s e  t h e  D E U C E  p r o g r a m s  
d e v e l o p e d  t h e r e  b y  D r  J .  S. R o l l e t t .  
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A Unified Program for Phase Determination,  Type 4P 
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U.S.  Naval  Research Laboratory, Washington 25,  D . C . ,  U . S . A .  

(Received 26 February 1960) 

T h e  u n i f i e d  p r o g r a m  for  p h a s e  d e t e r m i n a t i o n ,  v a l i d  for  all t h e  space  g r o u p s  a n d  b o t h  t h e  equa l  
a n d  u n e q u a l  a t o m  cases,  is c o m p l e t e d  he re  for  all t h e  c e n t r o s y m m e t r i e  space  g roups .  T h e  pre-  
s e n t  p a p e r  is c o n c e r n e d  w i t h  t h e  space  g r o u p s  c o m p r i s i n g  t y p e  4P ,  w h i c h  is c h a r a c t e r i z e d  b y  
t h e  n o t e w o r t h y  f ac t  t h a t  t h e  v a l u e  of no  p h a s e  m a y  be  a r b i t r a r i l y  speci f ied ,  once  t h e  f u n c t i o n a l  
f o r m  for  t h e  s t r u c t t t r e  f ac to r  ha s  been  chosen .  A d e t a i l e d  p r o c e d u r e  for  p h a s e  d e t e r m i n a t i o n  is 

desc r ibed .  

1. I n t r o d u c t i o n  

T h i s  is t h e  s e v e n t h  i n  a se r ies  of  p a p e r s  c o n c e r n e d  
w i t h  a p r o g r a m  fo r  p h a s e  d e t e r m i n a t i o n  i n i t i a t e d  b y  
us  ( K a r l e  & H a u p t m a n ,  1959,  h e r e a f t e r  r e f e r r e d  t o  
as  1P ) .  W i t h  t h i s  p a p e r ,  t h e  a p p l i c a t i o n  of  t h e  n e w  
p r o b a b i l i t y  m e t h o d s ,  b a s e d  o n  t h e  Mi l l e r  i n d i c e s  as  

r a n d o m  v a r i a b l e s ,  is  c o m p l e t e d  fo r  t h e  n i n e t y - t w o  
c e n t r o s y m m e t r i c  s p a c e  g r o u p s .  W e  a r e  h e r e  c o n c e r n e d  
w i t h  t h e  f o u r  s p a c e  g r o u p s  c o m p r i s i n g  T y p e  4 P  
( H a u p t m a n  & K a r l e ,  1959) ,  Im3,  Ia3, I m 3 m  a n d  Ia3d 
of t h e  c u b i c  s y s t e m .  A l t h o u g h  t h e s e  s p a c e  g r o u p s  a r e  
c o n v e n t i o n a l l y  b o d y - c e n t e r e d ,  t h e y  a r e  r e f e r r e d ,  i n  
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this paper, to the primitive unit cell defined in our 
paper on the seminvariants (Hauptman & Karle, 1959). 
Also listed in the latter paper is a set of coordinates 
for each space group. This is equivalent to choosing 
the functional form for the structure factor which is 
employed here. We present a detailed procedure for 
phase determination which utilizes the same general 
formula and, at the same time, makes use of relation- 
ships among the structure factors characteristic of 
each space group. 

2. Notat ion 

The same notation as appears in 1P (1959) is employed 
here. 

3. Phase de termining  formulas  

3.1. Basic formulas 
4~a~ 

B2, o: o~1~2---- 1 -{ - 

0"4 

X ()~pk~q(h+k))k + R~., 0 .  

(27~) 3/2 (723 

(3.1.1) 

2(p+o+r+a)12pqrF(~__l ) ./..,(q~ 1)__/..,t._~._) o, l / r + l ' ~  _312 
X (]~pk~q(hl+k) ~r(hl+h2+k))k 

o's ~Y~8/2 
- 2  + 

! l i t  

~- ~h l+h2~h lTh2)  -~- R3, 0 • (3-1"2) 

3-2. Integrated formulas 

2a'~ 
Ie, 0: ~ =  1 +O~b-4(AtkAt~+k))~+R~,o. (3-2.1) 

a~ 
I3.  0:~h l~ '~ l~2 'Jfflll+h2 = C13(g)'o.3/2 (AtkA,O~l+k)Ato~,+h2+k))k 

(~6 d 1/2 

-- 20,~[4~) 2 '-~-'---0"4 (#l'li#]3'f + ~12#]h;' 
+ ~l+h2#h~+h2) +R3,o • (3"2"2) 

In these formulas, p, q, r and t are restricted to be 
positive. Ordinarily they are given values in the range 
2-4. 

The remainder terms are given in the appendix 
§ 6 and in 1P (1959). Equation (3-1.1) or (3.2.1) serves 
to determine the magnitudes of the structure factors 
15~] corresponding to the squared structure. By means 
of equation (3.1.2) or (3.2.2), the phases of these 
structure factors ~ may be determined. In the next 
section we describe in detail how these equations are 
to be used for the various space groups included in 
type 4P. 

4. Phase de te rmin ing  procedure 

It  is assumed that the [d~hI have been calculated from 
the observed intensities. From these, the ]d~[ are 
obtained by applying (3.1.1) or (3.1.2). In fact it may 
be advantageous to compute the ]d~] over a range 
of reflections extending beyond that  of the original 
set of observations. We are here concerned only with 
the larger ]#~], and it is the phases of these whose 
values are to be determined. In the application of 
(3-1-2) or (3.2.2), the values of some ]#~'[ may be 
required. These may be estimated from the corre- 
sponding ]#h] or I#~], or calculated from (3-1-1) or 
(3-2.1) in which d ~ is replaced by # '  and # '  by 5 ~''', 
given sufficient data. 

In the phase determining procedures to be described, 

Table 1 
~ t  2 vr The coefficients of ~ h l d h  given by  the left side of (3.1.2) or (3-2-2), for selected values of h 1 and h 2 and  for each of four  

space groups of type  4P.  Each  column m a y  undergo cyclic permuta t ion .  The no ta t ion  P(Im3) refers to the pr imit ive  un i t  
cell, ins tead of the convent ional ly  centered one (cf. H a u p t m a n  & Kat ie ,  1959) 

h 1 
h~. 

h = h l + h ~ .  

P(Im3) 
P(Im3m) 

P(Ia3) 
P(Ia3d) 

h 1, kl, h + k l  
h+~l, h+~l, kl 

~, h, h 

+ 1  

(-- 1)hl+kl 

hi, ½(h+/c+2hl ) ,  ½ ( h + k + 2 h  1) 
h-l-h 1, ½ ( h + k + 2 h l ) ,  ½ ( ~ + k + 2 h l )  

h, k, 
h _---- k (rood 2) 

+ l  

(_ 1)½(h+k) 

hi, h + h  1, ~ + ~ + h  1 

h, Ic, h + k 

+ I  

+ I  

h 1 
h i  

h = h 1 + h  2 

P(Im3) 
P(Im3m) 

P(Ia3) 
P(la3d) 

½(h+~+l), ½(h+k+/), ½(~+~+l) 
½(h+k+l), ½(7~+k+0, }(h+i~+l) 

h, k, 1 
h + k + l  - 0 (rood 2) 

+ 1  

+ 1  

½~+i, kk, h+½k+l 
h+½k+l, ½k, ~+½~ 

h, k, l 
k ---- 0 (rood 2) 

+ l  

(=l)z 

} ( 2 h + / +  kl),  ~1, -~(~ -[- l-~ kl)  
'~(h~-/'~-kl)' ~1' ½(h+2/+k l}  

h, 0 1 
k 1 -- ~ + l (rood 3) 

+ 1  

(--1) l 
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¢ q  c q  

+ +  
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% -t - ~  
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+ + ~  + ~  
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it will be seen that  the first steps concern the applica- 
tion of (3.1.2) or (3.2.2) with choices of indices which 
take full advantage of the space group symmetry. 
The final step is in the form of a general application 
which is the same for all the space groups. 

The specification of the origin is carried out in 
conformance with the seminvariant theory previously 
developed (Hauptman & Karle, 1953, 1959). I t  is the 
same for all space groups of a given type. In type 4P, 
the origin is specified once the functional form for the 
structure factor has been chosen. 

For the space groups of type 4P, all the phases are 
seminvariants. This means that  once the functional 
form of the structure factor has been chosen, the values 
of all phases are uniquely determined by the intensities 
alone. I t  is of interest to note, in the procedures to 
follow, how a single equation, (3.1.2) or (3.2.2), used 
in conjunction with relationships among the structure 
factors, characteristic of the particular space group 
and the chosen functional form of the structure factor, 
does, in fact, lead to unique values for all the phases. 

4.1. Cubic system, I-centered 
We are concerned here with space groups, Im3, Ia3, 

Im3m and Ia3d. The special choices for hi and h2, 
in addition to hi = h2, are shown in the first two rows 
of Tables 1 and 2. By means of the first choice in 
Table 1, hl--(hl, kl, h+Tcz) and h2=(hWhl, h-l-kz, kl), 
equation (3.1.2) or (3-2-2) yields the value of 

t 2 t 

#hi, kl, h+~i#~hh multiplied by the numerical coefficient 
given in the second column of Table 1. For example, 
for P(Ia3), the relationship #hkz= (-- 1)h+k#~+~+i,l, k, 
following from the chosen functional form for the 
structure factor, gives rise to the entry ( - 1 )  h~+~l in 
column 2, Table 1. In this way the value of the phase 
9~hh is determined. Since hi and kl may be chosen 
arbitrarily, ~;,hh may possibly be determined in many 
ways. As always, the computations are performed for 
the larger values of [#~5~]. In the application of 
Tables 1 and 2, the entries in each of the columns are 
to be carried through cyclic permutations on the 
h, k and l, which would multiply the number of pos- 
sible choices by three. For example, the entries of 
column 2, Table 1 may be permuted to give h i =  
]c ~- ll, ]cz, 11, h2 = 11, k + kz, k + 11 and h = k, ~, k. They 
may be further permuted to give hi--hi ,  l+hl ,  ll, 
h2=/+hz,  h~, l+lz and h = / ,  l, i. 

In the space groups of type 4P, all the phases are 
seminvariants and thus their values may be directly 
obtained from the intensities. One of eight possible 
centers of symmetry, the origin for the unit cell, has 
already been specified by choosing one of the eight 
possible functional forms for the structure factor. 
We note that  all the phases, ~hkz, obtained from 
Tables 1 and 2 are of a special type since there are 
restrictions on the h, k and 1. By use of these phases, 
however, it is possible to calculate the values of ad- 
ditional phases with arbitrary subscripts. This is illus- 
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Table 3 

Selected values of h~ and h~ to be inserted into (3.1.2) or (3.2.2) in order to obtain the product g'h~h~h,÷h~ from which the 
t ! t value of an arbitrary phase q)hkl may be inferred. A knowledge of ~0hl and ~0h~ is required and may be obtained by use of Table 1. 

Each column may undergo cyclic permutation 

h i ~+~,+~., h+lc+l,  h+lc+l  h i /~+2~ i, I i 
h~. 2h+l¢+l, ~ + l ,  ~ + k  h+~i, 2/ci, /+~i 

h = h i + h~ h, k, 1 h, /c, 1 
Condition hi + l i ~_ Ic (mod 2) 

t ra ted in Table 3. F o r  column 2, Table 3, d°~ is 
obtainable from column 2, Table 1 and # ~  is obtain- 
able from column 4, Table 1. Again, for column 3, 
Table 3, d ~  is obtainable from column 5, Table 1 
and oz~ is obtainable from column 6, Table 1. Both 
columns 2 and 3 of Table 3 lead to the value of q ~  
for arbi t rary h, /c and 1 by use of (3.1.2) or (3.2-2). 
Since, in column 3, Table 3, ]cz is arbi t rary and h~ and 
l~ are subject to only a mild restriction, the value of 
a phase may possibly be obtained in many ways. The 
entries in Table 3 may undergo cyclic permutation. 
Clearly, this table is merely illustrative and not ex- 
haustive. All phases obtained from Tables 1, 2 and 3 
may be used for continuing the phase determining 
procedure. 

5. Concludin~ r e m a r k s  

This paper should be read in conjunction with 1P 
(1959), in which the symbols are defined and general 
remarks are made which are applicable to all the space 
groups. 

The phase determining procedures offer many ways 
to calculate the value of a particular phase. This 
feature, together with the fact tha t  the calculation of 
the right sides of (3.1-2) and (3.2.2) should yield not 
only the sign of the left side, but  also its magnitude, 
serves as a good internal consistency check as the phase 
determination proceeds. 

Tables 1, 2 and 3 of this paper, and also the tables 
occurring in previous papers on this subject, have been 
prepared with care in order to avoid errors. The method 
of preparation has been illustrated and it is seen tha t  
it is a simple mat ter  to check the entries. However, 
there are ninety-two centrosymmetric space groups, 
and thus many tables. We therefore recommend tha t  
the entries in the appropriate table be verified before 
an application of these methods is made to a particular 
~l)aCe group for the first time. 

The procedures discussed in the uniform program 
for phase determination for all the centrosymmetric 
space groups have confirmed the predictions of the 
seminvariant theory (Hauptman & Karle, 1953, 1959) 
regarding the type of phase whose value may be 
arbitrarily specified, as well as the nature of the linear 
combinations of one or more phases whose values may 
be computed from the intensities alone. Table 3 of 
this paper is a noteworthy illustration of this confirma- 
tion since it shows how the value of an arbitrary 
phase may be found without the necessity for the 

previous specification of the value of any phase, in 
accordance with the seminvariant theory for type 4P. 

6. Append ix  

The correction terms for the formulas listed in § 3 
are given here and in 1P (1959). As a general rule, 
for large N, they make a very small contribution. 
In  any specific instance, the investigator can judge 
their importance for himself. 

We define: 

1 6 R 2 ,  0 ~ - -  - -  

+ 

4- 

0"4 

a~a~/2 (P + q -  4) °zg #~' 

~ ((p-  21 (p-41 + (q- 2)(q- 4)) #~ 

.4°6 ( p + q _ 4 )  
0"2ff4 

((p--2) (q--2) + 2(p-- 2) (p- - l )  

2(q--2) ( q - - 4 ) ) + . . . ,  

,~l/, #;,'+~, ,,+,., 7,+~ + o-¢;,'+,, ~+~,,,+, + ,d~+~,,~+,,,.+,) 

(6.1) 

17R,, 0 = ~1-  a.,---]7~ (P + q-4)#~,  #~'  

7~4 ((p-  2)(p-4) + (q- 2)(q- 4)) #~ 

4936 7an ((p 
+ a g a a ( P + q - - 4 ) + l ~ 2 ~  --2)(q--2) 

4- 2(p-- 2) (p--4) 4- 2(q-- 2) ( q -  4)) 4 - . . . ,  

where, 

(~o/21 (3#h.k,'" h+k, h+~ + 3#'"h+Z,--h+Z, h+l 
(~4 

(6"2) 

+ #'~'~+~.,,o, o + #o','o, ~.~ + #~','~+2, o + # i % o ,  o 
ttt _ . + a+z, h+z, k+z + ~'I~+Z, h+k, i+~ + 5~"+i, a+~, k+Z), (6"3) 

~oR~, o= -- ~ ( ( r - -  2)~;;  ~, + ( p -  2) ~;.~ 

~¢°hl-l-h 2) "~- ~2  + (q- 2) ,2 (6-4) 
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where, 
0.~/2 

G4 
I l l  - -  - 

+ hl-{-h2-{-12, h2+kl-J--12, h2{-11+12 
l i t  

O" 4 
t t t  

~- ~ hl-4-h2-4-ll, hi-l-k2+/1, hl~ ll A-12 

+ #';2+~1+~1, k~+~2+ll, ~¢,+l,+l~) 

t l i t  

0.4 
t i t  

DI- #hi-l-12, h2+k1+k2+12, h2+ll 

+ #'~'~+~+~+z~, ~+-~, ~+~,) + • • • ,  (6.5) 

70.1/2 '2 '2 
~Ra, o 80.-----~ ( ( r -  2)d~"~ + ( p -  2)#h~ 

+ (q-- 2) d~,2+h~) + ~3, (6.6) 

where, 
0.1/2 

8 .Ca, /~,,, _ _ 

~3 -----" -- - -  (g h1~'-)(.g hlWh2+k2, h2+kl+k2, h2+k2+ll 
0.4 

+ 3#~'~+~+~, ~2+~+~., ~2+~+~, 

+ 3#~'~+~+~, ~1+~.+~, ~+~+~ 
t t t  

-~ ~ h1+h2+12, h2+kl+/2, k2-{-llTl2 

+ #;;+~+~, ~+~+~, ~+~,+,~ + #i ' ;+~+~, ~+~+~,,1 

+ #h':+~+~, ~+~1+~, ~+~1+~ 
l i t  

-~- ~hl-l-h2+k2, h2-I-kl+/2, h2-l-/1+/2 
v i i  - -  - -  l i t  

4- '~h:t+h~+k2, k1+k~.+12, h~.+k~.+h -l- '~h~,/q+k~.+l,~., k~+ih+12 
i t l  _ i i i  

-Ju ~hl+h2+12, kl, h2-{-/1-]-/2 "-{- ~hl+2h2-4-k2+12, kl, 11 

+ #~':, ~+~1+~+~,~1) 

0.1/2 #h~(a#h';+h~+kl,  hl+ki+k~,hl+kl+l~ 
(ra 

t i t  

-~- 3 ~  hl Th2+ll, hl+k2-}-/a, hl +ll +l~ 

3 ~ , , ,  _ _ -~ '~' h2-4-kl+11, klA-k2A-/1, kl-l-llA-/2 

+ d%':+~+~,, ~+~+h, h+,l+~ 
i l l  # I l l  

3t" ~ h 2 + k l + l l ,  kl+k2+ll, hl+ll+12 "~ hl-l-h2-{-}l, hl+kl+k2,12 
l i t  I t ,  

-~" O~h2, k2, hl +kl +2ll +12 -]- ~ h l  +h2+ll, hl+kl+k2,  hi+k1+/2 

+ d%'~+~+h, h,+~+~., ~1+~+~ 
~ l l t  - -  - 

~- #tht; +h2+kl, kl"{-k2+ll, hl Tkl +12 2U #th';, /Cl +k2-t-ll, k1"{-11+/2 

+ #~':+~+~, ~, ~+~+~ + #~'~1+~+~1+~, ~,, ~ 

aa 

+ 3 d~'~+~, ~+h+~+~,~.+tl + 3 d~'~+n~.+z~.+~, ~,+i~, ~+~ 
v i i  t t !  - - -  

+ #i';+~1, ~+~, ~+~ + #i'~+~, ~1+~, ~1+~1+~+~, 

+ #~::+~, ~+~, ~+~+~l+U + #i'~+~+~+~, ~+~, ~,+~ 
t t t  t i t  

"3t- ~'°hl+k2, h2+kl÷k2+12, h2+/1 ~t. ~°hl.j_~2, kl-{-12, h2+k2-4-ll+12 

"31- O~i';-'}-h2+kl+il, kl-{'-k2, ll+12 

-t- d°~+n2, ~X+~l+~2+h, tl+t2) + • • . ,  (6"7) 

Next  we define (where C n ( t )  is replaced by  C~): 

, ~/2 
,~R%0= - - -  (#;~-k, ~+~,~+~+ #'L~,~+-~,,,+~ 

0" 4 

'" 40.~/~ (2ol c ~ ) ~ # ~ '  + d~+~, k+z, ~+l) + C~ 0. 2 0. ~1------2 - 

0.a 4 0.8 
2Cla~ (8C~-6C~ + Cs)#h 2 Cl0.2a4 (2C1 - -  C2) 

0.4 + -16~((2CI-C2)9+4C~(8C~-6C9,+C3))+ 
+ . . . ,  (6.8) 

' 2so.I/~ (2c~ c , )# ; .#~ '  
17R2,o = ~)1 + C10.20.,]~ ~ 

7 G4 
2 C l 0 . 2  ( 8 0 1  --602 + Oa)d~ ~ 

980.s (2C1-  C2) -{- 7__Js__ 
C10.20.4 16012 o'22 

x ( ( 2 0 1 -  C2) 2 + 4C~(8C1 - 602 + Ca)) + . . . ,  (6"9) 

_1/2 '2 

' ~ (J l  G2 

and (6.10) 

'7 .vl/2 
t '  t 2 

(-/'10.2 
(6.11) 

In  order to summarize  the  relations among the  
correction terms for the  various space groups in t ype  
4P,  it is convenient  to ident i fy  

R - R (°), (6.12) 

R ' =  R (1). (6.13) 

Thus, for space groups I m 3  and I a 3 ,  

R (i) - 1R (j) + l~R~J)0 • j = 0, 1" i = 2, 3 i, 0 -  i, 0 , , , • (6.14 
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For  space groups I m 3 m  and Ia3d, 

R~!)o =lR~!)o +,R~!~o; j = 0, 1 ; i = e, 3 .  (6.~5) 

Note tha t ,  zR~, 0, zRs, o, 1R£, 0 and 1R£, 0 are defined in 
1P (1959). 

The remainder  terms in the  basic formulas are es- 
pecially simple for the special case p = q = r = 2 .  For  
this case, the  formulas reduce to those obtainable by  
the algebraic methods  proposed by us (1957). 
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9-Bromo-10-methylanthracene is isotypic with 9-cyanoanthracene. The molecules are statistically 
distributed so that  bromine substitutes for methyl and vice versa. Short-range order is detectable. 

1. Maille. Groupe spatial 

Le Bromo9-mdthyll0-anthrac6ne se pr6sente sous forme Brg-M610- 
d 'un  enchev6trement  de fines aiguilles jaunes, allon- anthrae6ne 
g6es su ivant  la direction [001]; en cristall isant dans Atome P (Br) 
un m61ange (1/3 alcoo1+2/3 benz6ne), on a obtenu des x/a 0,578 
aiguilles de 0,3 mm. de diam6tre.  Les clichds de dif- y[b 0,214 
fract ion (r~tigrammes) ont 6t6 effectuds avec la radia- z/c 0,25 
tion Cu Kc¢. Atome Q (CHa) 

La  maille or thorhombique est tr~s voisine de celle x/a 0,361 
du cyanog-anthrac6ne (Rabaud  & Clastre, 1959). y/b 0,525 

z]c 0,72 

Tableau 2 

Cyanog-anthrac~ne 
C N Moyenne 

0,552 0,584 0,568 
0,240 0,178 0,209 
0,285 0,190 0,237 

Atome H (positions pr6sum~es) 
0,398 
0,521 
0,687 

2. Structure 

Le Tableau 1 montre  que les deux s tructures  sont 
isomorphes. On constate en effet que les subst i tuants  
brome et mdthyl  de notre composd occupent dans la 
maille des positions tr6s voisines de celles du groupe- 
merit (CN)9 et de l ' a tome H10 du cyananthrac6ne.  

L ' examen  de la fonction de Pa t te r son  montre  que 
le subs t i tuant  Q poss6de une masse dlectronique 
environ 3 lois sup~rieure & celle que l 'on a t t endra i t  
d'un CHs, alors que le substituant P poss~de une 
masse 61ectronique 6gale aux 2/3 environ de celle d 'un  

Tableau 1 

. Brg-M610- Cyan%- 
anthrae6ne anthrac6ne 

a 17,6 /~ 17,1 /~ 
b 16,2 15,1 
c 3,98 3,93 

Z (hombre mol./maille) 4 4 
Groupe de sym6trie P212121 P212121 
Point de fusion 171 °C. 173 °C. 

a tome de brome. Cependant  la purer6 du produi t  ne 
peut  6tre raise en doute. 

Ce ph6nom~ne s 'explique par  un dchange du brome 
et du m6thyl,  qui occupent s ta t i s t iquement  les posi- 
tions appeldes P e t  Q. 

Nous avons voulu prdciser cet ~change de substi- 
tuan ts  en effectuant  une sdrie de fonctions-diff6rence 
sur la projection (001). Cette projection fai t  intervenir  
360 taches pqo et les moldcules, rues  presque h plat  
y s0nt distinctes les unes des autres. 

(a) Positions des atomes lourds 

Nous avons pu mont rer  que, d 'une  par t ,  les sites 
P e t  Q sont s i m p l e s -  l ' a tome Br  vient  exac tement  
en position du mdthyl  et r d c i p r o q u e m e n t - - q u e ,  
d ' au t re  par t ,  les masses dlectroniques (statistiques) 
placdes sur ces sites 6quivalent  £" 

P -- 0,60 (Br) -t- 0,40 (CHs) = 23,4 dlectrons 
Q = 0,60(CHa) + 0,40(Br) = 17,6 dlectrons 


